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Abstract 

Let G be a finite group with derived subgroup of rank r. We prove 
that \G : Z 2 (G)| < \G'\ 2r . Motivated by the results of I. M. Isaacs in [2] 
we show that if G is capable then \G : Z(G)| < G'| 4r . This answers a 
question of L. Pyber. We prove that if G is a capable p-group then the 
rank of G/Z(G) is bounded above in terms of the rank of G'. 



1 Introduction 

Let G be a finite group. We denote by d(G) the minimal number of generators 
of G. The rank of G denotes the minimal number r = rk(G) such that every 
subgroup of G can be generated by r elements. It is clear that d(G) < rk(G) < 
log 2 \G\. The importance of the concept of rank is underlined by results due to A. 
Lubotzky and A. Mann (see pQ ). There are various upper bounds in asymptotic 
group theory in which the logarithm of the order of certain subgroups occurs. 
Our goal is to replace this logarithm by the rank of the same subgroups. Related 
to a famous theorem of Schur, Wiegold [TT] proved that if \G : Z(G)| = n then 
\G'\< n2 lo S2». R. Guralnick [5] gave a simple proof for this fact. Following a 
similar argument we obtain the following. 

Theorem 1. If G is a finite group with rk(G/Z(G)) = r. Then 

\G'\ < \G : Z(G)\ r+1 . 

The extra-special groups show that there is no upper bound for the index of 
the centre in terms of the order of the derived subgroup. However, P. Hall (see 
[TU] p. 423) observed that |G : Z 2 (G)| is bounded from above in terms of |G'| 
(where Z 2 (G) denotes the second member of the upper central series of G) . We 
proved in [7] that 

|G: Z 2 (G)| < |G"|2 io g2 |g"| 

L. Pyber [9] asked whether there is a constant c such that |G : Z 2 (G)| < 
£f/|c rk(G ) j n present paper we prove that 

Theorem 2. If G is a finite group and rk(G') = r then 

\G : Z 2 (G)| < \G'\ 2r . 
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A group H is said to be capable if there exists some G such that G/Z(G) 
is isomorphic to H. I. M. Isaacs [2] proved that if H is a capable group then 
\H : Z(H)\ is bounded above in terms of \H'\, or equivalently, if G is an arbitrary 
finite group then \G : Z 2 (G)| is bounded above in terms of \G' : Q (~l Z(G)|, but 
he has not given an explicit bound. We proved in [8] that if \G' : G' (~l Z(G) | = n 
then 

\G : Z 2 (G)| < n 2lo ^ n . 

It was proved in [2] that if W is cyclic in a capable group if and all the order 
4 elements in H' are central then \H : Z(H)\ < \H'\ 2 . It was shown later in [8 
that the condition on the order 4 elements can be omitted. Motivated by these 
results, L. Pyber [9] asked if there is a constant c such that 

\H : Z(i?)| < n c ' rk(ff,) 

in every capable group H. We answer this question in the affirmative by showing 
that 

Theorem 3. If G is a finite group and rk(G'/G' D Z(G)) = r then 

\G:Z 2 (G)\ < |G'/G'nZ(G)| 4r . 

Corollary 4. If H is a finite capable group and rk(_ff') = r then 

\H : Z(H)\ < \H'\ Ar . 

We obtain a better bound in the case when Z(G) = 1. The crucial observa- 
tion is as follows. 

Theorem 5. If G is a finite group with Z{G) — 1 then Gg(G') < G' . 

As a consequence we obtain the following. 

Theorem 6. If G be a finite group with Z(G) = 1 and d = d(G') then \G\ < 
\G'\ d+1 . 

Finally we show the following bound for the rank of G/Z2(G) in finite p- 
groups. 

Theorem 7. If G is a finite p-group and rk(G'/G' fl Z(G)) = r then 

rk(G/Z 2 (G)) < \{Hr 2 -r). 

2 Proof of the results 

We shall use the following well-known fact pQ. 

Lemma 8. If P = (a±, a 2 , . . . , a<j, Z(P)) is ap-group then every element of P' is 
equal to a product of the form [x\, a\] [ir 2 , a 2 ] . . . [xd, a^] with xi, X2, ■ ■ ■ , Xd S P. 

Proof of Theorem 1. Let P be a Sylow-p subgroup of G. It is well-known (see 
[3], p. 9 ) that G' n P n Z{G) = P' n Z{G). It follows that 

\G'nz(G)\ p = \G'r\Pnz(G)\ = \P'nz(G)\ < \p'\. 
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By using Lemma [3] we obtain that 

d d 

\p'\ < n Kb. «*] i p = n i p : ^m^i < : < 

i=l i=l 

|P : Z(P)\ r <\P:Pn Z(G)\ r = |G : Z(G)|£. 

Consequently, 

|G% < \G : Z(G)| P |G?' n Z(G)\ P < \G : Z(G)|; +1 . 
Since this inequality holds for all prime divisors of |G| the proof is complete. 

□ 

Lemma 9. Z 2 (G) < G G (G') and [C G {G'),C G {G')] < Z(G). In particular 
Gg(G') is nilpotent of class 2 and every Sylow-p subgroup of Gg(G') is normal 
in G. 

Proof. Using the Three Subgroup Lemma we obtain that 

[G,G,Z 2 (G)} < [Z 2 (G),G,G] = [G,Z 2 (G),G] = 1 

and 

[C G (G'),C G (G'),G} < [C G (G'),G,C G (G')} = [G,C G (G'),C G (G')} = 1. 

Let P be a Sylow-p subgroup of C G (G'). Since C G (G')<G and P is characteristic 
in Gg(G') we have that P <\G. □ 

Lemma 10. Let H, K < G two subgroups such that H can be generated by d 
elements and K is normal in G. Then \K : Ck(H)\ < |G' n K\ . 

Proof. Let x be an arbitrary element of G. It is easy to see that \K : Ck{x)\ = 
\{[x,k] | k G K}\. Using that K is normal in G we have that {[x, k] \ k £ K} C 
K nff. It follows that \K:C K (x)\ < \G'nK\. 
Let Xi, x 2 , Xd be a generating system of H. 

d 

\K : C K (H)\ < J] \K : C K ( Xi )\ < \G' n 

□ 

Corollary 11. 7/G is a /inite c/rowp and d(G') = d then \G : G G (G')| < \G'\ d . 

Proof. We apply Lemma Q1 for H = G' and X = G. □ 

Proo/ o/ Theorem 5. Let P be a Sylow p-subgroup of C G (G'). Using Lemma [5] 
we have that P < G. It follows that the Abelian group G/G' acts on P under 
conjugation. Let H be the Sylow p-subgroup of G/G' and Q be its complement. 
Applying Fitting's Lemma ([4] p. 180) we obtain that P = [P,Q] x C P {Q). 
Assume that |Gp(Q)| > 1. Since the p-group H acts on the p-group Cp(Q) we 
have that L = Cp(H) n Cp(Q) is nontrivial therefore L is central in G, which is 
a contradiction. Hence P = [P, Q] < G' . This holds for each Sylow p-subgroup 
of Gg(G') which completes the proof. □ 
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Proof of Theorem 6. The result follows immediately from Corollary [TT] and The- 
orem [5] □ 

Lemma 12. Let A be a finite Abelian p-group of rank r. Let S be a collection 
of subgroups of A such that |~)iS = {1}. Then there exists a subset 7Z of S such 
that \K\ <r and f)K = {1}. 

Proof. Let S = Soc(A) be the subgroup generated by the elements of order 
p. Since S is an elementary Abelian p-group of rank r we can construct a 
descending chain S = So > Si > ■ ■ • > Si = 1 where I < r and 

Si = Si-i n Hi for some H 4 € S (l<i<l) 

Let 1Z = {Hi, H%, . . . , Hi}. We have that \7Z\ — I < r and that the intersection 
of P| 1Z and S is trivial. Since f] 1Z does not contain any element of order p it 
follows that P| U = {1}. □ 

Lemma 13. Let G be a finite group with Z = G' fl Z(G) and ik(G' /Z) = r. 
Then \C G (G') : Z 2 (G)| < |G' : 

Proof. Let p be a prime divisor of |Gg(G')| and let P be a Sylow-p subgroup of 
Gg(G'). Using Lemma[Hl P is normal in G. It is clear that PnG' is an Abelian 
group. Now 

f| CpnG'(x) =PHZ. 

Applying Lemma fl^l with 

A = pr\G'/Pnz, s = {Cp nG '{x)/Pn z \ x e G} 

we obtain that there exist elements xi, x%, xi with I < rk(P n G'/P n Z) < r 
such that 

f| c PnG ,( Xi )=Pnz. 

i<i<i 

Let T = (xi,x 2 , ...,x t ) and M/Z = C G/Z (TZ/Z). Now we apply the Three 
Subgroup Lemma for P n M , T and G. Since P n M < C G (G') we have that 
[G, T,M n P] = 1. Using that 

[M n P, T] < [M , T] < Z 

we obtain that [M D P, T, G] = 1. It follows that [M n P, G, T] = 1 and so 

[M n P, G] < Cq{T) nPDG' <Z. 

This implies that M n P < Z 2 (G) n P. 

Let us denote G', T, M and P the images of G', T, M and P in the factor 
group G/Z. Applying the second statement of LemmafHTlfor K — P and H = T, 
and using that Z < M, one gets that 

|P : P n Z 2 (G)| < |P : P n M\ = \PM : M\ = \PM : M\ = 

= \P:Pn M\ <\G' : P n G'\ r < (n p ) r 
where n p denotes the p-part of |G' : Z\. 
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Let Pi, P2, ■■■,Pt be the unique Sylow subgroups of Cg(G') corresponding to 
the prime divisors pi,p 2 ,...,pt of G G (G')|. By embedding the Sylow subgroups 
of Z2(G) into Sylow-p subgroups of G G (G') we obtain that 



\C G (G') : Z 2 (G)| = H \Pt : P n Z 2 (G)| < J] 



n£ = |G' : Z\ r . 




□ 



Proof of Theorem 2. Since 



|G : Z 2 (G)| - |G : G G (G')||G G (G') : Z 2 (G)| 



and 



rk{G'/Z) < rfc(G') = 
Corollary fTTI and Lemma IT51 complete the proof. 



r 



□ 



Lemma 14. Lei G be a finite group, let D — {g £ G | [<?, G'] C Z(G)} and Zei 
P be a Sylow-p subgroup of D. Then G'/G G '(P) is a p-group. 

Proof. Since D/Z(G) is the centralizer of the commutator subgroup of G/Z(G) 
Lemma [3] yields that D/Z(G) is nilpotent therefore D is nilpotent. It follows 
that P is normal in G. Let q ^ p be a prime divisor of G' and let Q be a Sylow-g 
subgroup of G'. Applying Fitting's Lemma ([3] p. 180) for the action of Q on 
P we get that P = [Q, P]G P (Q). Since 



we obtain that P = Cp(Q) thus Q < Gg'(P)- Now we have that Gc(P) is a 
normal subgroup of G' which contains all Sylow-g subgroups of G' for all q ^ p 



We will make use of the following well known fact. 

Lemma 15. // F is a p-group with d(F) = d then any generating set of F 
contains a subset of size d which is a generating set as well. 

Lemma 16. Let G be a finite group, D — {g £ G \ [g,G'] C Z(G)} ; Z = 
G' n Z(G) and rk(G'/Z) = r. Then \D : G G (G')| < \G' : Z\ r . 

Proof. Let p be a prime divisor of |D| and let P be the Sylow-p subgroup of 
D. According to Lemma HH G'/G G '(P) is a p-group. Since G' is generated 
by the commutator words [x,y] (x,y G G) the factor G'/G G '(P) is generated 
by their images under the natural homomorphism. Using that G'/G G '(P) is a 
p-group and rk(G'/G G ' (P)) < rk(G'/Z) = r, Lemma [15] guarantees that there 
exist elements x\ , y±, X2, y%, x r , y r £ G such that 



Let T = (xi,yi,X2,y2,—,x r ,y r ) and let M/Z = C G / Z {TZ/Z). We apply 
the Three Subgroup Lemma for T, T and M we get that 



[Q, P] < [G', D] n p < Z(G) n p 



primes. 



□ 



([Xi,?/i], [X 2 ,y 2 ], [Xr,?/r],G G /(P)) = G'. 



[T, T, A/] C [T, M, T] = [M, T, T] = 1 
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which means that M < C G {T'). Since G' = T'C G ,(P) we have that C* G (G") = 
C* G (T') n C G {C G ,(P)). It is clear that P < C G {C G ,{P)) and so 

c* G (G') n p = c G (r') n p > M n P. 

Let us denote G', T, M and P the images of G', T, M and P in the factor 
group G/Z. Applying the second statement of LemmafTUlfor K = P and H = T, 
and using that Z < M, one gets that 

\P : P n G G (G')| < \P : PD M\ = \PM : M\ = \PM : M\ = 

= \P : P n M| < \G' : P n G"| 2r < (n p ) 2r . 

where n p denotes the p-part of \G' : Z\. 

Let Px^Pii-.-iPt be the unique Sylow subgroups of D corresponding to the 
prime divisors pi,P2,---,Pt of\D\. By embedding the Sylow subgroups of C G (G') 
into Sylow-p subgroups of D we obtain that 

\D : C G (G')\ = [] \Pi--Pin C G (G')\ < J] < = l G ' : Z \ 2r - 

l<i<t l<i<t 

□ 

Proof of Theorem 3. Let D be as in Lemma 1141 Since 
\G:D\ = \G/Z:C G/Z (G'Z/Z)\ 
it follows by Lemma fTTl Lemma [TBI and Corollary [T51 that 

\G : Z 2 (G)| - \G : D||D : C G (G')\\C G (G') : Z 2 (G)| < |G"/^| 4j -. 

□ 

Lemma 17. Lei G be a finite group and let x be an element of G. Then the 
map a — > [a,x] is a homomorphism from C G (G I ) to G' . 

Proof. Assume that a,b e C G (G'). Then 

[ab, x] = [a, x] b [b, x] = [a, x] [b, x]. 

□ 

Lemma 18. Let G be a finite p — group group with Z = G' n Z(G) and 
MG'lZ) = r. Then rk(C G (G') : Z 2 (G)) < r 2 . 

Proof. We import the notation and calculations from the proof of Lemma 1131 
Since G is a p-group we have that P = G G (G'), PflG' = Z(G'), P n Z 2 (G) = 
Z 2 (G) and P D Z = Z. Recall that there are elements x\, X2, xi with 
I < rk(G G (G') n G'/Z) < r such that if T = (x 1 ,x 2 , ■ ■ . ,x t ) and M/Z = 
C G/Z {TZ/Z) then M n P < Z 2 (G) n P or equivalently 

M n Gg(G') < Z 2 (G). 

For each 1 < i < i let /j : C G (G') — * G'/Z be the map given by 

= [a;,a:i]Z. 
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Lemma [T71 implies that fi is a homomorphism for all 1 < i < I and we have that 

p| ker(/i) = M n G G (G') < Z 2 (G). 
i<i<; 

It follows that the map x — > (fi(x), fzfa), . . . , fi(x)) embeds Cg(G')/(M fl 
Cq{G')) into the Z-th direct power of G jZ. Consequently 

rk(G G (G')/Z 2 (G)) < rk(G G (G')/(M n G G (G'))) < tk((G'/Z) 1 ) < Ir < r 2 . 

□ 

Lemma 19. Lei G be a finite p-group, D — {g £ G | [3, G] C Z(G)}, Z = 
G' n Z(G) and rk(G'/Z) = r. TTien tk{D/C G {G')) <2r 2 . 

Proof. We borrow tho notation and calculations from Lemma fTHl Since G is a 
p-group we have that D = P. Recall that we constructed elements 

xi,yi,s 2 ,y2, ■ ■ ■ ,x r , Vr e G 

where r = rk(G'/Z) such that if 

T = (xi, 2/1,^2,2/2, • ■ -,Xr,y r ) 

and 

Af/Z = G G/Z (TZ/Z) 

then 

G G (G') = G G (G') nD > Mn.D. (1) 

Note that D/Z(G) is the centralizer of the commutator subgroup in G/Z(G). 
It follows by Lemma fTTl ttrat for any fixed element x G G the map / x (a) = [a;, o]Z 
is a homomorphism on D. That the map 

o (/xi(a), fyi (a),fx 2 (a),f y2 (a), f Xr (a), f Vr (a)) 

embeds D/{M n -D) into the 2r-th direct power of G 1 jZ. Using we obtain 
that rk(D/G G (G')) > 2r 2 . □ 

We will need the following Theorem from [S] (see Proposition 16, p. 363). 

Theorem 20. Let P be a finite p-group of rank r andQ a p-subgroup of Aut(P) . 
Then the rank of Q is at most ^(5r 2 — r) if p is odd, at most \(Jr 2 —r) if p = 2. 

Proof of Theorem 4. Let D = {g e G | [5, G'] C Z(G)} nad z = G' n Z(G) as 
usual. We have that 

rk(G/Z 2 (G)) < rk(G/ J D)rk(£»/G G (G'))rk(G G (G / )/Z 2 (G)) 

Considering the action of G/Z(G) on G 1 jZ we get that the group G/D is embed- 
ded into the automorphism group of G jZ. According to Theorem |2"U1 we have 
that rk(G/L>) < \{lr 2 - r) where r = rk(G'/Z). Now together with Lemma fT8l 
and Lemma [T51 we get that 

rk(G/Z 2 (G)) < i(13r 2 -r). 

□ 
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